Exponential stability of functional differential systems with impulsive effect on random moments  by Wu, S.J. & Han, D.
EI_SEVIER 
An Intemahonal Joumal 
Available online at www.sciencedirect.com computers & 
.c,=.c= ~o, .=cT .  mathematics 
with applications 
Computers and Mathematics with Apphcations 50 (2005) 321-328 
www.elsevmr com/locate/camwa 
Exponential  Stability of Functional 
Differential Systems with Impulsive 
Effect on Random Moments 
S. J. Wu 
Department of Statistics, East China Normal University 
Shanghai 200062, P R. China 
sj_vu©163, com 
D. HAN 
Department of Mathematics, Shanghai Jmotong University 
Shanghai 200240, P R China 
(Recewed Apml 2003, accepted May 2003) 
Abst rac t - -The  model of nonhnear functional d]fferentlal systems with Impulsive ffect on random 
moments i  brought forward by authors m this paper Then, by means of Liapunov's direct method 
coupled with Razumlkhm techmque and comparison principle, sufficmnt condltmns for p-moment 
exponentml stability of the trivial solutmn to the systems are present, where the parameter ~(t) 
m (dV(t, x(t)))/(dt) are not reqmred to be negative Finally, an example is dmcussed to show the 
apphcatmns of the obtained results. (~) 2005 Elsevmr Ltd. All rights reserved 
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1. INTRODUCTION 
Impulsive differential systems are adequate mathematical  models for numerous processes and 
phenomena studied in biology, physics technology, etc. (see [1]). Thus, the qualitative proper- 
ties in the mathematical  theory of impulsive differential systems are very important (see [1-4]). 
In recent years, a number of mathematicians have interested in and developed such properties 
(see [5-10]), and their studies have attracted much attention. Furthermore, they have been 
successful m different approaches based on Liapunov's direct method and comparison technique 
(see [1]). In recent years, the study of impulsive functional differential equations has been very 
intensive (see [5-7,9]), and their bibliographies). Uniform stabi l i ty and uniformly asymptotic sta- 
bil ity of the zero solution to impulsive functional differential equations have been investigated by 
Shen [5], Liu and Ballinger [6], Stamova and Stamov [7]. Boundedness of solutions to impulsive 
functional differential equations has been discussed by Luo and Shen [9]. 
For functional differential equations with impulsive effect on moments, all known l iteratures 
deal with them as impulsive moments being a serial of given points (see [5-7,9]). However, actual 
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jumps do not always happen at fixed points but usually at random points, that is, impulsive 
moments are random variables. Owmg to the effect of random impulsive moments any solution 
to functional differential systems with impulsive effect on random moments is a stochastic pro- 
cess, which is very different from those of functional differential systems with impulsive effect 
on fixed moments, whose solutions are piecewise continuous functions. We naturally want to 
know how the random impulsive moments affect the qualitative properties of systems, such as 
stability, boundedness, existence of periodic solutions, etc. In this paper, we first present the 
model of functional differential systems with impulsive effect on random moments. Then, suf- 
ficient conditions for p-moment exponential stability of these systems are present by means of 
Liapunov's direct method coupled with Razumikhin technique and comparison principle, where 
the parameter A(t) m (dV(t ,x(t)))(dt)  are not required to be negative. Finally, an example is 
dmcussed to show the applications of the obtained results. 
2. PREL IMINARY NOTES 
Let 7k be a random variable defined in Dk -- (0, dk) for all k = 1, 2 , . . . ,  where 0 < dk < +oc. 
Furthermore, assume that ~-, and ~'3 be independent with each other as z ¢ 3 for z,3 = 1, 2 . . . .  
Let T E R is a constant For the sake of simplicity, we denote 
H = {1, 2, }, R+ = [0, +o~), R~ = IT, +o~), 
and 
Rn(g)  = {x e R n 'Hx[I _< g} ,  for all H e R+, 
where ]]. ]] is a suitable Euclidean norm in R'L 
Consider nonlinear functional differential systems with impulsive effect on random moments 
x'(t) = f(t ,  xt), ~k_l < t < ~k, Vk C A[, a.e. 
Ax(~%) = Ik(~-k,x(~k-)), Vk E AT, a.e. (1) 
Xto ~ ~,  
and the functional differential systems without impulsive effect 
x'(t) = f(t ,  xt), t e R~, (2) 
Xto ~ ~,  
where f : Rr × C -~ R n with f(t,O) --- 0 for all t C Rr, C = C( [ - r ,  0],R ~) is the space of 
continuous functions mapping I - r ,  0] into R'~; xt • xt(s) = x(t + s) for all s E [ -r ,  0] with 
some r > 0; G0 = to and ~k = ~k-1 +~-k for all k = 1 ,2 ,3 . . . ;  Ax(~k) --= x(~k)--X(~-~), 
X(~-) -- l imt-~k_0x(t); Ik : Dk × R ~ ~ R ~ with Ik(',0) = 0 for all k = 1,2 , . . . ;  to E R~ and 
E C; "a e." is the abbreviation of "almost everywhere". 
In the following context, we always assume the solutions to systems (1) satisfy existence and 
uniqueness, and all solutions to systems (1) are continuous on the right and limitable on the left. 
Let C(R~- × R '~, R+ ) denote the family of all nonnegative functions V(t, x) on R-c × R n which 
are once continuously differentiable in t and once in x. For each V E C(R~. × R ~, R+), define an 
dV ( t,x ) t~n operator - -7 -  from R~ × to R by 




vdt ,  x) = ov(t,x) 
Of  ' 
[ OV(t, z) 
vx(t,z)= \ Oxl ' -  
The following definition will be needed. 
oV(t,x) 
Ox2 
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1. Let p > O, then the trivial solution to systems (1) is said to be p-moment 
and 
V(t,x(t))  > y,~(t), (7) 
for all tl < t < tl +a ,  where a > 0 is sufficiently small. For any t C (t~,ti +a),  (6) and (7) ymld 
V( t ,  x ( t ) )  - V ( t l ,  X(tl) ) yn(t)  -- yn( t l )  > 
t - -  t I t - -  t l  
so 
y-(tl)'~ 1 1 D+V(tl ,  x(t l))  _ > = A(tl)yn(tl) + -- = A(t l)V(Q, x(t l ))  + - > A(t l )V(t l ,  x(ti)), (S) 
n n 
where D+V(tl ,  x(t l))  is the derivative on the right of V(t, x(t)) at tl. 
DEFINITION 
exponent, ally stable if there exist/3, tt > 0 such that 
Ellx(t)F </311 ll  all t > to, 
where and in the sequel, I I~l lc = snp0~E-~,01 II~,(0)lk. 
Generally, two-moment exponential stability is called as exponential stability in mean square. 
3. MAIN  RESULTS 
Before giving the main result, we need the following lemma. 
LEMMA 1. For anytk > tk-1 >_ r and systems (2) with to = tk-1, suppose that there exist q 2 1 
and a functlon V E C(R-~ x R '~, R+ ) satisfying the following conditions 
(i) qV(t,x(t))  >_ V(t + O,x(t + 0)) for a11 0 E [-r,0] implms 
dV(t, x(t)) < A(t)V(t, x(t)), 
dt 
for all t C [tk-l,tk), where A : [tk-t,tk) -~ R. 
(ii) A(t)_> - ( lnq) / (2 r )  for a11t E [tk-l,tk). 
Then, for all t E [tk-1, tk), v~V( tk - t ,  x(tk-1)) >_ suPoe[_~,o] V(tk-1 + O, ~o(0)) implies 
ff x(8) d8 
V(t,x(t))  <_ V( tk - l ,x ( tk -1)  e ,k-1 
PROOF. Consider ordinary differential equation 
dyn(t) = ~(t)yn(t) + _1 t e [tk-l ,tk), 
dt n' (3) 
Yn(tk-1) = V(tk-1, x(tk-1)). 
we claim that for any n E A; and for all t E [tk-l,tk) it follows 
V(t ,x(t) )  < y~(t). (4) 
If (4) is not true, noting that V( tk - i , x ( tk - i ) )  = V(tk-1, ~(0)) = yn(tk-1), then there exist a 
t~ C [tk-l ,tk) such that 
V(t, x(t)) <_ yn(t), for all tk- I  _< t _< tl, (5) 
V(tl ,  x(tl)) = yn(tl), (6) 
324 S J Wu AND D HAN 
On the other hand, it is easy to deduce from solving (3) that 
ff x(s) ds 1 f" y~(t) = V(tk-l,x(tk-1))e ,k-1 + -- eZ x(~)d~ ds, (9) 
n Jt k_l 
for all t E [tk-l,tk). Noting that A(t) > -(lnq)/(2r) for all t e [tk-l,tk) we obtain 
q ef~l~(z)dZdy>_q ef~l;~(z)dZdy___q ef~l÷~(z)dzef'~l+~(z)dZdy 
tk--1 Jtk--i J~k-I 
f t~-~s ¢--(s/2r)lnqeftvt+s A(z)dz dy > f t l+s  ef:~+s ~(z)dz >_q dy, 
for all s e f -r ,  0], and 
qef~-i A(y) dy ,1 f/l+~ 
fjl+- f*l+~ A(y) dy = qe;l+~ ~(~)~ e~_ l  ~(Y) d~ >_ qe-~n~ eoo~-. ~(y)d~ >_ e~'~-~ , 
for all s E f -r ,  0]. For all s E f -r ,  0], if tl + s _> tk-1 it follows from (9), (6), and (5) that 
qV(tl, x(tl)) = qV(tk-1, x(tk-1)) e f::-' :~(~) d~ + n Jtk_~ 
> v(tk-1,  ~(tk_~)) J:~-: ~(~) dy + 1 I tl+~ r~÷. x(.) d~ _ - e~ dy > V(t~ + ~, ~(t~ + ~)). 
n dtk_ 1 
If tl + s < tk-1, then tl < tk-1 + r and 
qV(tl,x(tl)) = qV(tk-l ,x(tk-1))e ~-~ + n Jt~_1 ds 
>_ qV(tk-l,x(tk-1)) e f::-~ ~(~)ay >_ qV(tk-l,x(tk-1)) e f:~-~(-l~q/2~)dy 
>_ v~V(t~_t,z(t~_~)) > sup V(t~_~ +O,p(O)) > V(tl +s,x(ta +s)). 
0e[-~,0l 
In sum, for all s ~ f-r ,  0] ~t follows that 
qV(tl, X(tl)) >_ V(tl + s, x(tl + s)). 
Thus, 
dV(tl, x(h)) < A(h)V(t~, x(tl)). 
dt 
This is a contradiction to (8), so (4) is true, that is, 
V(t,x(t)) <_ y~(t), 
hold for all t ~ [tk-1, t~) and n ~ Af. From (4) and letting n --* +co, we obtain that 
V(t,x(t)) < V(tk_~,x(t~_l))e *~-1 , 
for all t ~ [t~_~,t~). The proof is complete. | 
THEOREM 1. Let p > O. Suppose that, there exist constants c~,c2,# > O, q > 1 and a function 
V ~ C(Rr x R ~, R+) satisfying the following conditions 
(i) C1]IXl[ p ~ V( t ,x )  <~ c2llxll p, 
(ii) qV(t, x(t)) > V(t + s, x(t + s)) for a11 s ~ f - r ,  O] implies 
dV(t, x(t)) 
<( -#+A(t ) )V( t ,x( t ) ) ,  a .e .~k- l<t<~k,  Vk~V' ,  
dt 
where A : R,  ~ R+, 
(iii) there exist w~ ' Dk ~ R+, k = 1, 2 , . . . ,  such that 
v(~,  ~(~) )  <~ + ~o~(~))v(~,~(~;- ) ) ,  a~. v~ e l l ,  
(iv) f?oo )~(s) as < +oo, 
(v) +~ E,=  E[~(~)] < +~. 
Then, the zero solution to systems (1) ~s p-moment exponentiaIly stable. 
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Without loss of the generality, we assume tt < (lnq)/(2r). For any to E R~, from PROOF. 
Assumption (i) we have 
sup g(to + O,~(to + 0)) _< c~ sup [[~(to + 0)11 p = ~ll~ll~. 
o~[-r,o] OC[-r,O] 
Then, for all t E [to,~l) it follows by Lemma 1 that 
V(t,x(t)) <_ sup V(to +O,~(to +0))e  f**o(-"+x(s))ds 
ee[-,,,o] (10) 
<_ c21t~11~- e -"(t-t°)÷zo ~(s) ds 
In the following, we will prove that 
V(t,x(t)) <_ e2[[~[[ p e -l~(t-t°)+f:o A(s)ds E[  1 + w3 (73)], a.e., (11) 
3=1 
hold for all t E [~,-1, (~), z = 1, 2, 3 , . . . ,  where stipulates 1-[3=1(- ) = 1 as ~ = 1. 
For i = 1, from (10) we know that (11) is true. Assume that (11) is true for i _< k, where 
k ___ 1, that is, 
V(t,x(t)) <_ c2[[~[]~ e -t*(t-t°)+f:o A(s)ds HI 1 + w~(7~)], a.e., (12) 
3=1 
hold for all t E [~-1,~) ,  z = 1 ,2 , . . . , k .  Thus, 
k--1 
V(t,x(t)) <_ e2[[~[[Pe-t'(t-t°)+]~o ~(s)ds E[  1 + w3(73)] ' a.e., 
3=1 
holds for all t E [to, ~k). Furthermore, assumption (iii) yields 
v(~k, ~(~k)) < ~k(~-k)V(~k, ~(~;)) 
(13) 
< c211~11~ e -"(~-*°)+If :  ~(s) d~ I t [1  + ~; (~) ] ,  a.e.. 
3=1 
For any 0 E I -r ,  0], if ~k + 0 _> to it follows from (12), (13) that 
k 
v~l l~ l l~  e -"(a-*°)+I::  ~(s)d~ II[1 + ~(~;)] 
> v~(1 + ~k(~k)) e "°+I::÷° ~(~) d~V(~k + e, ~(~k + 0)) 
x/~et~V(~k -F O,X(~k Jr 0)) ~ V~e-lnq/2g(~k + O,X(~k + 0)) 
= V(~k Jr t~, X(~k -t- 0)), a.e.. 
Otherwise, ~ + 0 < to and ~k < to + r, then ~t follows from (12), (13) that 
/c 
~=11~11~ e-~,(a-~o>+z:: ~(.)~. I-[ [1 + w~ ('5)] -> v~C2 II~ll~ e -'(¢"-~°) 
.~=1 
>_ v~c~ll~'ll~ce - l "q/~ =- e~l]~oll~, _> v(¢~ + 0,~(~ + 0)), a.e.. 
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In sum, for any 8 E [ - r ,  0] we have that 
k 
x/~c2 ]l~[l~ eff~ x(s) ds H [1 + w, (T,)] _> V(~k + 8, z(~k + 8)), a.e.. 
3=1 
From (13 / and Lemma 1, we obtain that 
k 
v(t ,  x(t)) <_ c2t1~115 ~- ' (~- t° l+s: :  ~o) d~ n [1 + ~,  ('3)] jZ~ <-.+x(s))ds 
2=1 
k 
< ~211~11~ ~-'(t-~°)+Zo ~(s) ~ HI1 + ~,(~,)1, a.e., 
j= l  
holds for all t C [~k,~k+~), that is, (11) is also true for ~ = k + 1. By mathematical  induction, 
(11) is true for all i = 1 ,2 ,3 , . . . .  
Let ~oo = lim~-~+oo ~,~ in probability. For any t _> to and w E ~t, if there exists an z E A/such 
that t C [~-1 ,~) ,  then we obtain from (11) that 
+oo 
V(t,x(t)) < c2]l(fll]Pce~ -Iz(t-t°)÷f+°°)~(s)ds HI1 + w~(T~)], a.e.. 
3=1 
Otherwise, if there does not exist any z C Af such that t E [~,-1,~,), then ~oo(W) < +co, a.e., and 
t 6 [~oo, +co). At this time, (11) implies 
+oo 
3=1 
thus, we obtain by Lemma 1 that 
+oe 
V(t,x(t)) <_ ~211~11~ e-"<~-~°)÷I~ ~ ~°>d~ II[1 + ~,(~)1,  a.e.. 
j= l  
In sum, for any t >__ to and w 6 fl it follows that 
+oo 
V(t,x(t)) < c2H~l[Pc e-tL(t-t°)+f+cc)~(s)ds HI1 + wj(T~)], a.e.. 
j= l  
Thus, for all t _> to assumption (i) implies 
+ee 
EIIx(t)F <_ CAIl~l[~ j:o X0) d~ l-i[ 1 + E(~,(~))]. (14) 
C1 3=1 
For any ~ > 0 there exists a 5 > 0 such that 5 < (cl~)/(c2/z), where # e M° +oo = 1-I,=111 + E(~0-,))] .  
When I1~11~ < 6, we obtain from (14) that EIix(t)ll P < s for all t _> t0. The proof is complete. 
I 
REMARK 2. 
(a) Condition (iii) in Theorem 1 is equivalent o 
v(~,, x(~,))) < ~, (4, - ~,_~)y(~, z(~71), 
which means that, the impulsive effect at random variable ~ is independent of ~ for all 
~<3.  
(b) Let p = 2 in Theorem 1, then we can obtain sufficient conditions for exponential stability 
in mean square of the zero solution to systems (1), which is very useful in practice. 
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4.  EXAMPLES 
Let ~-k be a random variable defined in Dk -- (0, dk) for all k -- 1, 2, . . .  i where 0 < dk <Toc .  
Furthermore, assume that ~-~ and T 3 be independent with each other as z ~ 2 for ~,3 = 1, 2 , . . . .  
Consider functional differential system with impulsive effect on random moments 
dxl(t) / ;  
dt alxl(t) 4- Al(t) xl(t ÷ s) ds ÷ blXl(t)x~(t)x~(t), 
dxe(t) / :  
dt - -a2x2(t) + A2(t) xe(t + s) ds + b2xe(t)x~(t)x~(t), 
dx3(t)dt /o_ (15) 
- -  a3x3(t)+A3(t) rXa( t+s)ds+x l ( t - r )x2( t - r )x4( t ) ,  
dx4(t)dt /o_ -- a4x4(t) ÷ An(t) x4(t ÷ s) ds - xl(t - r)x2(t - r)x3(t), 
as {k-1 < t < ~k, k = 1 ,2 ,3 , . . . ,  and 
• 4(¢k) = 4k)~.  ~4(~[),  
Yk = 1,2,3,..., 
(16) 
wherea ,>0,  A~'R~R+,~=l ,2 ,3 ,4 ;~0=t0and~k=~k_ l+~-k  for a l l k= l ,2 ,  . ,c(k)  is 
a function of k. If the following conditions are satisfied 
(i) b l÷b2 ~0,  
(ii) f+~ A(t) dt < +co, where A(t) = max{A,(t) . z = 1, 2, 3, 4}, 
(iii) +~ ~-~k:l[c2(k)E(T~) -- 1)] < +ec. 
Then, the trivial solution to systems (15) and (16) is exponentially stable in mean square. 
PROOF. Put Y(t, x) = x~ + x~ + x2a + x24, then 
[ : l dV(t, x) = 2x~(t) -a : t ( t )  + Al(t) x~(t + s) ds + b:l(t)x~(t)x2a(t) dt ~ 
[ /_ ] + 2x2(t) -a :2 ( t )  + a~(t) ~2(t + s) ds - b~z2(t)x~(t)x~(t) 
[ /2 l + 2x~(t) -a :~( t )  + x~(t) x~(t + s) & + ~l(t  - ~)~( t  - ~)~4(t) ?- 
+ 2~4(t) -a :a ( t )  + a~(t) ~ ~4(t + ~) ds - ~i(t  - ~)~2(t - ~)~( t )  
/ / < -2aV(t ,x )÷Al ( t )  x , ( t+s)x l ( t )ds+A2(t) x2(t÷s)x2(t)ds 
+ A3(t) x3(t + s)x3(t) ds + A4(t) x4(t + s)x4(t) ds 
r 7" 
+ (bl + b2)x~(t)x2(t)x2(t) 
/_ < -2av(t ,  x) + 2A(t) [v(t + s, x(t + s)) + v(t, x(t))] ds, 
as ~-k-1 < t < Tk, k = 1,2, . . . .  When qV(t,x(t)) >_ V( t+s ,x ( t÷s) )  for all s C [-r,O], we obtain 
dV(t, x) < -2aV(t, x) + 2r(q + 1)A(t)V(t, x(t)) 
dt - 
= [ -2a + 2r(q ÷ 1)A(t)]V(t,x(t)), 
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and 
Fhrthermore, 
2r(q + 1)~(t) dt = 2r(q + 1) ),(t) dt < +oo. 
= [1 + (c2(k)'r  - 
and 
+c~ 
- 1)1 < 
k=l 
Thus, the trivial solution to system (15) and (16) is exponentially stable in mean square by 
Theorem 1. The proof is complete. | 
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